Based on the fractal characteristics of turbulence-distorted wavefront, a new algorithm for generating a very long rectangular turbulent phase screen is proposed. The phase structure function of generated phase screens can be very well compared to the theoretical one. In comparison to existing approaches, the present algorithm shows obvious advantages.
INTRODUCTION
Laser beam propagation through atmospheric turbulence covers many areas of science and engineering, such as ground-based telescope, laser radar, optical communication and some military applications. [1, 2] Numerical simulations play the role of an efficient and important tool to quantitatively investigate the optical turbulence effects and adaptive optics (AO) correction of wavefront distortions. [2] [3] [4] A key aspect of doing a numerical simulation is how to describe random fluctuation induced by atmospheric turbulence in optical wave phase. Multiple phase screen (PS) model is used to do numerical simulations of light propagation through a turbulent atmosphere and an AO system for phase compensation. PS are used to describe turbulent atmosphere. [3, 4] The structure constant of the refraction index, C n 2 , is used to characterize the turbulence strength. Obviously, the generation of random phase screens, which conveniently and accurately reflect effects of atmospheric turbulence on optical wave, is one of the key problems of simulating optical atmospheric turbulence and its applications.
There are several methods for generating phase screens, which are based on the statistical characteristics of the refractive index in atmosphere. Spectral method and Zernike polynomial method are often used in practical applications. [3] [4] [5] However, these two methods have some drawbacks. The spectral method is limited in that it does not accurately include the low spatial frequency contributions of the atmospheric turbulence. Although several techniques are proposed to incorporate low frequency contributions, they may bring high computational complexity. Low frequency components of phase screens generated by Zernike polynomial method can very well agree with theoretical results, while the lack of high spatial frequency components can be compensated with the increase of Zernike order at the cost of computation enlargement. In order to overcome these shortcomings, Lane et al. [6] introduced the random mid-point displacement algorithm as an alternative way to generate phase screens based on the fractal characteristics of turbulencedistorted wavefront. This method yields a good approximation to the theoretical results with high efficiency. Schwartz et al. [7] have suggested that the wavefronts having traveled through the turbulent atmosphere have been identified as fractal ______________________________________ surfaces. They used Successive Random Additions (SRA) algorithm to produce turbulence-degraded wavefronts. The fractal interpolation method, which generates phase screen based on the fractal nature of turbulence-distorted wavefront, has gained more and more popularity due to its simplicity and high efficiency in numerical simulations of light propagation through atmospheric turbulence and its AO correction. [8, 9] All the above-mentioned literatures discussed how to generate square phase screens. It is acceptable if the geometry of optical wave propagation and its AO correction is static. However, there are a number of problems in which such assumption is inadmissible, such as those problems that the light source, receiver or medium is in motion. Moreover, in numerical simulation of light propagation through the turbulent atmosphere with the phase compensation by an AO system including temporal evolution, such as very long exposure imaging and simulation of the dynamic control process in an AO system, [10] the time series of the wavefronts must be modeled. In these cases, the temporal dimension is generally converted into spatial dimension by making a "local frozen turbulence assumption" which states the local changes of the medium are dominated by the wind and/or the motion(s) of source and receiver and can be fully characterized by a mean wind vector. So in order to realize the motion(s) of source, receiver or medium and temporal evolution, random phase screen must continuously move in a certain direction at a definite speed. Obviously, from a computational point of view, rectangular PS is particularly suitable to numerical simulations of these problems comparing with square PS. In fact, studies of AO systems for next generation of Extremely Large Telescopes (ELTs) [11] and some applications such as exoplanet detection or long-exposure spectroscopy request simulations of non-stationary turbulence. It's urgent to solve the problem on how to efficiently generate rectangular PS which accurately matches the turbulent statistics. Meanwhile, the efficiency of the algorithm and its memory requirements must be acceptable in practical applications.
To be aimed at requirements for rectangular PS in practical applications, a new method to generate rectangular PS based on the fractal characteristics of turbulence-degraded wavefront is proposed in this paper.
FRACTAL NATURE OF ATMOSPHERIC WAVEFRONT DISTORTION
Atmospheric turbulence distorts the phase of an incoming wavefront. The degraded wavefront is a homogeneous and isotropic stochastic Gaussian process. [7] The process is well described by a structure function that behaves like a power-law over many scales of length in the so-called inertial range. The spatial and temporal structure functions which give a statistical description of phase fluctuations caused by atmospheric turbulence are as follows: 
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Fractal Brownian motion (FBm) is a random fractal and has found applications in many physical sciences and engineering, such as simulation of landscape and seafloor topography, geophysical modeling and signal processing. Two-dimensional FBm which is also referred as Fractal Brownian surface can be characterized by a structure function with a power-law dependence of [12] H y x
where denotes ensemble average, c is a scaling constant and { } E y x p p r is the distance between p x and p y .
Eq. (4) shows that the variance of increments depends only on the distance between points. And its power spectrum is [7] (2 ) ( )
where H is the Hurst parameter which characterizes the ruggedness of the surface and is in the range 0-1. E is the standard topological dimension of the generalized surface. For a surface, E=2. The fractal dimension of the surface is F=E+1-H.
Comparing the previous phase structure function and power spectrum of Eqs. (1) and (4) with Eqs. (3) and (5) within the inertial range. [7] Since wavefront has been identified as a fractal surface, it is possible to use algorithms developed for modeling fractal surfaces in the computer graphic technique to generate random phase screens.
GENERATION OF RECTANGULAR PHASE SCREENS
We have known that turbulence-degraded wavefront has similar forms of power spectrum and structure function with those of the Fractal Brownian surface. Within the inertial range, the atmospherically distorted wavefront can be considered as a kind of specific Fractal Brownian surface with a Hurst parameter of H=5/6 and a fractal dimension of F=13/6. So, we can utilize those forthcoming simulation algorithms of Fractal Brownian surface to simulate random phase screens. Lane et al. have proposed a method about generating square PS. [6] Here, we will make an extension from square PS to rectangular PS and introduce the generation process of rectangular PS.
Generating four starting points with the desired correlation
Because the grid spacing in the x and y coordinates of phase screen is equal, the length must be 2 N times as the 
, solving Eq. (7), then
After , and are obtained, four corner points with the desired correlation are created by Eq. (6). Fig. 1(a) shows this procedure. After four starting points are generated, consecutive subdivisions are performed to achieve the desired resolution.
As some authors have done, [6, 12] random mid-point displacement method is utilized to obtain high resolution PS.
Partition of rectangle into several squares
In order to make the grid spacing equal in two directions of PS, rectangle must be partitioned into 2 N squares whose side length is the width of rectangle. For example, we firstly make the side A 1 A 2 equal division. The value of middle point P 1 of A 1 A 2 is given by
Namely, the mid-point at the edge is interpolated from the nearest two endpoints. Its value is sum of the mean value of two endpoints and a random variable 1 . 1 is zero mean Gaussian variables with a variance 1 2 . And its variance can be obtained from the equation Then, we follow the same procedure for the side A 3 A 4 of rectangle. Finally, the rectangle is partitioned into 2 N squares which side length is L 2 . Fig. 1(b) shows this process. P 1 P 2 P 3 P 4 and P 1 P 4 P 5 P 6 are two squares of 2 N squares. Other squares are not shown and are denoted by " ". 
Subdivision of squares
After the rectangle is divided into 2 N squares, we continue to subdivide each square until PS has the desired number of grids. Here, we take the square P 1 P 2 P 3 P 4 as an example.
(1) The value of the center point P 0 is given by
The first term on the right side of Eq. (11) is the bilinearly interpolated phase value. The random value 0 is zero mean Gaussian variable with variance 0 2 which is given by
Solving the above equation, we can obtain (2) The value of point P 12 which is mid-point of the side P 1 P 2 is given by
The mid-point at the edge is interpolated from the nearest two endpoints. Fig. 1(d) .
In this way, we partition a square into four smaller squares whose side length is half of that of the previous square.
Subsequently, the same procedure is repeated until the grids have the desired number of samples.
In accordance with requirements in the practical numerical simulation, this method can generate rectangular PS with different aspect ratios by setting L 1 and L 2 , thus efficiently making full use of computer resource.
RESULT AND DISCUSSION
We generate rectangular PS utilizing the method introduced in Sec. 3 and compare the simulated results with the theoretical results. By comparing spatial and temporal statistics of the generated rectangular PS with the theoretical results, the accuracy and efficiency of the above-mentioned method can be tested and evaluated. Fig. 2 shows one realization for a rectangular PS. It can be seen that high and low spatial frequency components of PS generated by the method are sufficient in Fig. 2 .
The spatial and temporal structure functions give a statistical description of phase fluctuations caused by the atmospheric turbulence. For those methods used to generate PS, a good yardstick is to evaluate that the structure function obtained from the generated PS agrees with the theoretical results or not.
Spatial statistics of phase screens
The grid points of PS are 512 its aspect ratio is 8. In this condition, the comparison of the phase structure function derived from the generated PS with the theoretical one is shown in Fig. 3(a) .The simulated results are the ensemble average of 10,000 PSs. The two upper curves are theoretical and simulated structure function, respectively.
Obviously, our simulated structure function is very close to the theoretical one, especially, in the low frequency region and in the high frequency region.
In order to compare with existing method of generating PS, we use spectral method (with/without low frequency modification) and our method to generate rectangular PS and compare their phase structure functions with the theoretical one. It is shown in Fig. 3(a) . By using spectral method, we firstly generate a square PS whose grid points are 512×512
and then select a rectangular part from the square PS. The grid points of selected rectangular part are 512×64. The simulated results are the ensemble average of 10,000 PSs from such the rectangular part and compared with the theoretical one. The two lower curves in Fig. 3(a) are the simulated structure functions with/without low frequency modification. It is shown that simulated results obtained from the spectral method still present obvious difference from the theoretical one even with low frequency modification. 
Temporal statistics of phase screens
The rectangular PS is mainly used in numerical simulation of light propagation through the turbulent atmosphere with the phase compensation by an AO system including temporal evolution, such as very long exposure imaging and simulation of the dynamic control process in an AO system. It is very important whether its temporal statistics agrees with the theoretical estimations or not. Subsequently, the temporal statistics of rectangular PS generated by the present method is investigated. Here, the grid points of PS are chosen as 8192 256. Namely, its aspect ratio is 32. . The wind velocity is 5m/s. The temporal structure function obtained from the ensemble average of PSs and the theoretical one are shown in Fig. 3(b) . 0 0.642 r m From Fig. 3 , the spatial and temporal structure function obtained from the present method agree well with the theoretical one, especially, in the low frequency region and the high frequency region where we concern. In comparison to existing methods of generating PS, the present method can obtain the simulated results that are very close to the theoretical results without low/high frequency modification. This makes it having higher computation efficiency.
The present method can generate rectangular PS of desired size according to actual requirements in applications.
The major advantage of this method is its higher accuracy and efficiency. For generating a PS of P×Q grid points, the computational complexity of the present fractal interpolation method is O(PQ) while that of the spectral method is O(max(P 2 log 2 P,Q 2 log 2 Q)) without low frequency modification and O(max(P 
CONCLUSION
In numerical simulation of light propagation through the turbulent atmosphere with the phase compensation by an AO system including temporal evolution, it is urgent to need for rectangular PS having a large aspect ratio. At present, the commonly used methods almost firstly generate square PS and then select a rectangular part from it. Furthermore, there is a need to make some modifications for low or high frequency contributions of PS. This obviously increases the calculation amount and needs more computer memory. It is difficult to use them in a large scale numerical simulation.
Thus, a direct method of generating rectangular PS is proposed in this paper. The aspect ratio of generated PS can be set according to requirements in practical applications. The simulated results are compared with theoretical results. It is shown that the spatial and temporal statistics of the generated rectangular PS is well compared with theoretical one.
From viewpoint of the computational efficiency, the present method of generating rectangular PS based on fractal interpolation only needs smaller computational amount and can save computer resources. Comparing with those existing methods of generating PS, the method proposed by this paper has obvious advantage in computational accuracy and efficiency and is suitable to use in a large scale numerical simulation of light propagation through the turbulent atmosphere with the phase compensation by an AO system
